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Introduction 
It is known that for plane curve singularities there exists a good equisingularity 
theory, see [4] or [ 1, Chapter III]. Contrariwise for twisted curves there are several 
non-equivalent equisingularity criterions [l, Chapter V], one of them is the follow- 
ing: given twisted curves X, Y, we say that X and Y are equisingular if and ony if 
their generic plane projections are equisingular. Notice that two curves are equi- 
singular in this sense if and only if they have isomorphic absolute saturations [ 1, 
Corollary 5.2.151, recall that this criterion was introduced by Zariski [4, $71. 
In this paper we establish an upper bound of the singularity order for the generic 
plane projection of a curve X in terms of the multiplicity and singularity order of 
X. Afterwards we characterize the curves such that the singularity order of their 
plane projection reach the bound. 
1. The bound 
Throughout this paper k will be an algebraically closed field of characteristic zero, 
R the ring k[[X,, . . . . X,,,]] and (kN,O) the k-scheme Spec(R). 
An algebroid curve of (kN,O), shortly curve, is a one-dimensional, integral, 
closed subscheme X of (kN, 0). The singularity order of X is the number 6(X) = 
dimk(gx/UX) where axrk[[t]] is the integral closure of fix. We denote by c(X) 
the degree of the conductor of @,v in Ux. Finally we denote by S(X) the semigroup 
of values of gx; it is known that c(X) is the conductor of S(X) and S(X)= 
#(N - S(X)). 
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Proposition 1. Let X be a curve of (kN, 0). Assume that X admits a primitive para- 
metrization 
x: 
such that 2 Ed, < ... <dN and dN does not belong to the semigroup generated by 
d,, . . . . dN_ , . The following inequality holds: 
d,,,l26(X) + 1. 
Proof. Let Z be the curve which admits the following primitive parametrization: 
x, = @‘d, 
z: 
i : 
x ’ djv-l/d ,+,=t 
where d=gcd(dl, . . ..dNml). 
We will consider three cases: 
(1) Assume d 2 2. Since 6(X) = #(N - S(X)), a straightforward computation 
gives us 
6(X)1#{nEiF.InldN-1 and n$deS(Z)}2+(dN-1). 
(2) Assume d= 1 and c(Z)-d, IdN. In this case we have 6(X)=6(Z) - 1. From 
[2, Chapitre IV, no. 11, Proposition 71, we know that 26(Z) 2 c(Z), so that we get 
26(X)+lr26(z)-12C(Z)-lrdN. 
(3)Assume d=l and d,lc(Z)-dl-1. If I=[dN+l,...,dN+d,-l]QS(Z), 
then we obtain that c(X)rdN, so 26(X)2c(X)2dN. Assume ICS(Z). Since 
c(Z) - 1 $ S(Z) we have that dN = c(Z) - 1 - Idl, A L 1, and 
6(X)=6(Z)-(A+l), 
therefore 
26(X)+1126(Z)-2&1Lc(Z)-2~-1, 
hence 
26(X)+l>d,+A(d,-2). 
From this and the assumption d, L 2 we obtain 26(X) + 12 dN. 0 
Remark. The above bound is sharp in the following sense: for all integers n2 3, 
m > n, such that (n, m) = 1 we consider the curve 
1 
x, = t”, 
x: Xz=P, 
x3_twm-l)-l 
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i.e. dt = n, d2 = m, d3 = (n - l)(m - 1) - 1. It is easy to see that its singularity order 
is 6(X)=(n-l)(m-1)/2-l, so that 26(X)+l=d3. 
Let X,X’ be the absolute saturation of X [3] and a generic plane projection of 
X [l, 5.2.31 respectively. It is known that @xC@xC @zC@, and that 8X is the 
integral closure of gY and @x, so that we have S(X)S~(X)S~(X’). From [4, Pro- 
position 1.6, p. 9711, (or [l, 5.2.151) we get that r? is also the saturation of X’. 
Theorem 2. Let X be a curve of (kN,O). Then the following inequalities hold: 
s(X)56(X’)I(e- l)s(X)-+(e- l)(e-2) 
where e is the multiplicity of X. 
Proof. Notice that for e= 1 the statement is obvious because 6(X) =6(X’) = 
s(X) = 0. Assume ez 2. 
Let {e; pi, . . . . pg} be the characteristic of X’, from [4, p. 99.51, we know that @z 
is a sub-k-algebra of k[[t]] which admits the following set of generators: 
: 
te, 
tS’“‘, , “’ ng , m,~s,r[m,+,/n,+,], v=l,..., g-l; 
tm,+;, Olile- 1 
where j3v,e=m,,/nl, . . . . n, is the vth characteristic exponent of X’ and (mj, ni) = 1 
for all i= 1 ,..., g. Notice that e=nl ,..., ng, m,=/3, and s,n,+,~~~n,<& for all v 
and s,. Since n,r2 it is easy to see that either p,+e- 1 or P,+e-2 does not 
belong to the semigroup of the integers generated by e, mg + 1, . . . , mg + e - 1 and 
the set 
{ s,n,+ 1 ... ngIm,Is,I[m,+,/n,+,]; v=l,..., g-l}. 
Then by Proposition 1 we have 
fl,+e-2126(X)+ 1. 
From [5, Chapitre II, 3.141, we get 
hence 
S(X’)s+(p,- l)(e- l), 
s(X’)l(e- 1)6(X)-+(e- l)(e-2). 0 
Corollary 3. S(X) 5 S(X’) 5 (e - 1)6(X) - +(e - l)(e- 2). 0 
Remark. For the cases e = 1,2, from Corollary 3, we obtain two known results: if 
e=2, then 6(X) =S(X’) =6(X) and X=X=X. For e= 1, we get the same result 
with the additional condition S(X) = 0. 
Proposition 4. Let X be a curve of multiplicity er 3. The following conditions are 
equivalent : 
270 J. Elias 
(1) 6(X’) = (e - 1)6(X) - +(e - l)(e - 2); 
(2) X is isomorphic to the monomial curve 
x, = te, 
Z: 
[ i 
x2=te+‘, 
I x,&e-‘. 
Proof. If X=2, then a straightforward computation gives us (1). 
Assume that (1) holds. From the proof of Theorem 2 we get that X=X, i.e. X 
is saturated, and S(X) = +(b, - l)(e - 1). 
From [5, formula 3.14, p. 181, we deduce g= 1. Hence the characteristic of X’ is 
{e; pi} where j?, =26(X)-e+3. 
By [4, p. 9951, see proof of Theorem 2, we get that X is the monomial curve 
x. x, = P, 
’ L Xi=tPl+i, i=O,l,..., e-l. 
Since S(X) = #(N -S(8)), we have S(X) =26(X)-e+ 1. Recall that X=X, so 
6(X) = 26(X) - e+ 1, from this we deduce 6(X) = e - 1 and pg = e + 1. Hence we get 
that X=X is isomorphic to Z. q 
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